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AN ALGORITHM IN THE PYTHON PROGRAMMING LANGUAGE
FOR DETERMINING THE JORDAN, SMITH, RATIONAL
(FROBENIUS) AND HERMITE NORMAL CANONICAL FORMS
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Abstract

In this paper, the author presents a theory about the Jordanian, Smith rational and
Hermite normal canonical forms. Software for determining these canonical forms is
provided. Algorithms, written by the author in the Python programming language,
are given.
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Introduction

The canonical forms of which we speak are generic expressions for the representation
of symmetric or skew-symmetric tensors over a finite-dimensional vector space. The
theory of canonical forms itself was actively pursued near the end of the nineteenth
century through the early part of the twentieth, chiefly by British and German
algebraists, and mainly for symmetric tensors.
H.J.S. Smith in 1861 defined the invariant factors of an integer matrix, and obtained
the Smith normal form of these matrices. Previously Echelon forms over fields (one-
sided reduction) were studied by ]J.C.F. Gauss. The normal form for similarity classes
was described by C. Jordan in his "Traite des substitutions" in 1870.
Four forms studied here are the Jordan canonical form, the Smith normal form, the
rational canonical form and Hermite normal form. First, we give the short definitions
of these canonical forms:
Definition 1. The Smith normal form of an integer matrix A € My,x,(Z) is a
factorization A = UDV where:

1. D € My (Z) is “diagonal”, meaning that D;; = 0 whenever i # j.

2. Each diagonal entry of D divides the next: D;;|D;41;+1. These diagonal entries
are called the elementary divisors of A.

3. U € Mpyn(Z) and V € My« (Z) are invertible over Z, or equivalently detU
and detV are +1.
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Definition 2. Rational canonical (or Frobenius normal) form for matrices Any square
matrix M over k is similar to a block diagonal one for which the blocks are companion
matrices C(p;") of powers of irreducible polynomials p; over k. Two such block
diagonal matrices are similar if and only if one can be obtained from the other by
reordering the blocks. Jordan canonical form for matrices
Definition 3. Any square matrix M over a field k containing all of its eigenvalues is
similar to a block diagonal matrix with Jordan blocks corresponding to eigenvalues of
M. Two such block diagonal matrices are similar if and only if one can be obtained
from the other by reordering the blocks.
Definition 4. An m X n matrix H = (h; ;) is in Hermite Normal Form if there exists r <
m, and a strictly increasing map f: [r + 1] — [1, m] satisfying the following properties.
l.Forr+1<j<m, hf(j),j >1, hij =0 if i>f() and 0 < hf(k),j < hf(k),k if
k <j.
2. The last m — r rows of H are equal to 0.

Normal canonical forms

In this chapter, we give the theory from canonical normal forms.

The Jordan Normal (Canonical) Form
Definition 1. Let A be an m X m matrix and A € C. Then
1. my(1) = mult;(chy), the multiplicity of 4 as a root of ch,(t) is called the algebraic
multiplicity of 1 in A.
2. v4(t) = dim¢E,(4) is called the geometric multiplicity of 4 in A.
Here, E,(1) = {v € C™: AV = AU} = Nullsp(A — AI) denotes the A-eigenspace of A.

Definition 2. Given a scalar 1 € C and an integer k > 1, the Jordan block of order k
corresponding to A is the matrix J; (1) of the form:

Jk(l): . R .

Definition 3. If A € M,,(C) then there exists an invertible matrix P € M,,(C) and Jordan
blocks Ji, (41),Jk,(A2), ..., ]k, (4,) such that

(&) 0 0
Ap ? szfﬂz) 0 |ps
0 0 - I (4)

This block diagonal matrix is called the Jordan canonical form of A. Moreover:
* 11,43, ..., A, are the (distinct) eigenvalues of 4;
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* The number of Jordan blocks J;,,/;,,... with eigenvalue A; equals the geometric
multiplicity v4(4;) = v;;
* The sum of the sizes k;; of the blocks J; ,/;,,...,]iy; with eigenvalue 4; equals the
algebraic multiplicity m; = m,(4;):

kil + ki2+"' +kiv1 =m,;.
* The J;;’s are uniquely determined by A up to order.

Remark 1. If ] and ]’ are two Jordan matrices which have the same lists of Jordan blocks
but in a different order, then J and J' are similar, i.e. there is a matrix P such that J' =
P-Yp.

We consider: How to find P such that A = PAP~! (for m = 3)?

In order to find P = (%,|...|,) such that A = PAP~! write this equation as AP = PJ.
By using the identities
AP = (AY,]...|AD,),

P =(ayl...la)t = a1 91 +... +a, ¥,
the equation AP = PJ translates into a set of (vector) equations for the ¥;’s which we
can solve. The following examples show how this method works.

Remark 2. Suppose J and ]’ are two Jordan matrices which are similar. Then the lists
of Jordan blocks of ] and J' are the same (up to order).

Corollary 1. Two m X m matrices A and B are similar (that is, B = P"*AP for some P)
if and only if they have the same Jordan canonical form (up to order) J.

1 2 -1
A=l0 2 0
1 -2 3| .. 1 .
Example 1. If , find P such that P~*AP is a Jordan matrix.

Solution.
Step 1. chy(t) = (t — 2)3. Thus, the only eigenvalue is 1; = 2; its algebraic multiplicity
ism; = 3.

By row reduction we get
-1 2 -1 1 21
A-21=|0 0 O0|—|0 0 O
1 -2 1 0 0 O

Thus, the 2-eigenspace is E4(2) = {¢;(2,1,0) + ¢,(1,0,—1)": ¢1, ¢, € C}, and hence v; =
2. Therefore, | has 2 Jordan blocks and

210
J=|0 2 0
0 0 2
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Step 2. Find P such that AP = PJ. Write P = (¥;|7,|73), where 9, ¥,, ¥; € C3. Then we
want to choose the ¥'s such that AP =PJ, ie. such that (A7¥,|AV,|AV;) =
(29,9, + 27,|¥3). Thus we want:

-

AﬁZ = 1_/")1 + 2172, i.e. (A - 21)1_7)2 = 1_7)1.

In addition, we need to pick the ¥;’s such that 9;, ¥, and ¥ are linearly independent.
Pick ¥, € E2(2), not in E,(2);
Define ¥; = (A — 2I)v,; Pick U3 € E,(2), linearly independent from v, ¥,.
Now,
Ef(2) = {c1(2,1,0)" + ¢,(1,0,—1)F}
EZ(2) = C3.
Thus take ¥, = (1,0,0)%; Therefore ¥; = (4 — 2I)¥, = (—1,0,1)%; We take 93 =
(2,1,0) € E,(2).
Thus

o O =
o N

and Jordan matrix is

o N -
N O O

Smith Normal Form

Definition 4. Let A = (a;;) be a k X n matrix with entries in the ring R = Z of integers.
We say that the matrix A is in Smith normal form if

o aij=0fori¢j;

* Forsomem with0 <m <k, a;; # 0 for1 <mand a;; = 0 fori > m;

e Leta; = a;; for 1 <i <m.Then a,|a,l...|ap.

If m = 0 in the above definition, then the matrix 4 in Smith normal form is the zero
matrix. Pictorially, a matrix in Smith normal form looks like
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a 0 0
0 a, 0 0
0 0 a O 0
A= -
0 0 a,
R
_0 0 o0 v ee eee Ll 0_

For a nonzero matrix A = (ai j) with coefficients in R, we let d(4) be the greatest
positive number dividing all coefficients, so d(4) = gcd{a; pl<i<kl<j< k}. Let
7; be the i-th row of A and let ¢; be the j-th column of A. Recall the row and column
operations:

R;: switches the i-th and j-th row of A.

R,: multiplies the i-th row of 4 by -1.

R;: replaces the i-th row of A by 7; + ar; for some a € R.

C;: switches the i-th and j-th columns of A.

C,: multiplies the i-th column of 4 by -1.

C5: replaces the i-th column of A by ¢; + ac; for some a € Z.

Lemma 1. Let B be the result of applying a row or column operation to A. Then d(4) =
d(B).

Proposition 1. Let A be a nonzero matrix with integer coefficients and let d = d(A4)R.
Then we can use row and column operations to transform A into a matrix B with
t(B) =d.

Theorem 1. If A is a matrix with integer coefficients, we can transform A into Smith
normal form using row and column operations.
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2 0 1 1 0 O
0 -2 1 0
-1 -1 0
: : >
1 0
1 0 X
0 0 1 1 L
17 1 0 o0 -1 0 1
0 0 5 0 -2 1 0
-2 -14 3 3 -2
: [ERN :
1 -7 1
0 1 X
| 10 1
-1 0 1] [1 o0 0
-3 3 2 0 1 0
13 -14 10 0 0 -15
: L : :
1 -7 22
X 0 1 0
| oo 1

Smith normal form:

10 O
S={01 O
00

-15

Rational (Frobenius) Normal Form

o
[ERN

O O K,

10

0

1]

-2

Lemma 2. Let A = k[t] and let M be a cyclic torsion A-module (hence, M is finite
dimensional as a k vector space). Let q(t) = t" + a,_1t" '+...+a, be the minimal
polynomial of t considered as a linear operator on M. Prove that M has a basis with
respect to which the matrix for ¢t has the following form:
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000 0 -a |
100 0 -a
010 0 -a,

000 -+ 1 -a,]
Theorem 2. Let M be a finitely generated torsion k[t]-module. Prove that there exist
non-constant monic polynomials g, (x), q,(x),..., g, (x), determined uniquely, such
that g1 (x)[q2(2)|... |gm(x) and

M= 4/(q:(x) ® 4/(q2(x)) ®...® A/(qm ().

Definition 5. The polynomials gq;(x), q,(x), ..., gn(x), are called the invariant factors
of M.
Definition 6. Let V be a finite dimensional vector space over k, and let 3:V — V be a k-
linear operator. Consider a ring homomorphism

¢: k[t] = End, (V)
defined by sending t to J and extending (k)-linearly. Let Ker¢ be the kernel ideal,
and let gx(t) be a monic polynomial in k[t] which generates Ker¢. Then qx(t) is the
minimal polynomial of 3.

Note that gx(t) exists since k[t] is a PID and is unique since we assume it is monic.

Theorem 3. Let V be a finite dimensional k-vector space, and let 3:V — V be a k-linear
transformation of V. Let yx(t) be the characteristic polynomial of J.
* There exist uniquely determined non-constant monic polynomials g4 (x),
q2(x), ..., qm(x), such that

-qi(0)|q () forl<i<m-1;

- @m(x) is the minimal polynomial of J;

- x5(t) = €q1(x) g2 (x)... gm(x) for € € k.

* There exists a basis of V such that the matrix of I with respect to this basis is a block
matrix with m blocks 44, A,, ..., A,, and each block 4; is in the Frobenius normal form
for q;.

Now, we describe general strategy on how to find a decomposition of a finitely
generated abelian group into a direct sum of cyclic subgroups. This strategy can be
formalized to give a different, more constructive, proof of the structure theorem.

General strategy: Let M be a finite dimensional A-module, where 4 is a PID.

T
Then M fits in a short exact sequence 0 > R - F - M — 0 where both F = A" and R =
A™ are free modules. The embedding R — F is given by a matrix T of size m X n and
rank m. Claim: There exists a change of bases for both R and F, described by the
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matrices P and Q respectively such that QTP, the matrix of the embedding R — F in
the new bases, is diagonal and has the form

d, 0 0 -~ 0 000
0d, 0O - 0000
000

0 0 d, - 0

0 0 0 - d 000

where d,|d,|...|d,; are the invariant factors of M, and the number of zero rows (if any)
is the rank of M. Then,

M=A/(d) DA/ B..BA/d) B A

Example 3.
-1 11
A=|0 0 1
0 10

t+1 -1 -1 1 0 0
tI-A=| 0 t -1|—|0 t+1 O
0 -1 t 0 0 t°-1

Hermite Normal Form

We give an efficient algorithm to compute the Hermite normal form of arbitrary
integer matrices, and then use it to solve various lattice problems.

Definition 7. A non-singular matrix B = [b;...b,] € R™" is in Hermite normal form
(HNF) iff

e There exists 1 <i; <...<i, <m such that b;; #0= (i<h)A (i= ij) (strictly
decreasing column height);

* Forallk >j,0 < by, < b;,j, 1., all elements at rows i; are reduced modulo b; ;.

The index h is the number of non-zero columns in the matrix, and index i; is the row
of the top non-zero element of column j. Because these terms are strictly increasing,
each column contains rows that none of the later columns have. Thus, the non-zero
columns of a matrix in HNF (as well as the rows with indices i;) are guaranteed to be
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linearly independent. We also know (but will not show here) that HNF is unique, i.e.,
if two matrices B and B’ are in HNF and they generate the same lattice (3(B) = J(B")),
then B = B’ (except at most for the number of zero-columns at the end). We say that
H is the HNF of B if 3(H) = J(B), H is in HNF, and H does not contain zero columns.
It is not hard to come up with an algorith that computes the HNF of a matrix
performing only a polynomial number of operations. However, a naive solution to
this problem may result in superpolynomial running time because the numbers in the
intermediate computations can easily get very large. In order to achieve polynomial
running time, some care is required.

Notice that the problem of computing the HNF of a rational matrix B € Q™" easily
reduces to the problem of computing the HNF of an integer matrix as follows:

* let D be the least common multiple of all denominators occurring in B;

* Compute the HNF H of integer matrix D - B € Z™";

* Qutput D7t - H.

It is easy to verify that that H is in HNF if and only if D - B is. Moreover, if H and D - B,
generate the same lattice, then D™* - H and B also generate the same lattice. Therefore,
D~! - H is the HNF of B. This reduction is polynomial time because log, D is at most as
big as the bitsize of the input matrix. In the rest of this section we show how to
compute the HNF of an integer matrix.

So, we may assume that the input matrix has integer entries. We first give an algorithm
to compute the HNF of matrices with full row rank, and then show how to adapt it to
arbitrary matrices.

Matrices with full row rank. We give an algorithm that can find the HNF of any
matrix B € Q™™ which has full row rank. We know that in this case the HNF of B is
a square non-singular m X m matrix H. The idea is to first find the HNF basis H of a
sublattice of I(B), and then update H by including the columns of B one by one. Let’s
assume for now that we have a polynomial time procedure AddColumn that on input
a square non-singular HNF matrix H € Z™ ™ and a vector boutputs the HNF of matrix
[H|b]. The HNF of B can be computed as follows:

* Apply the Gram-Schmidt algorithm to the columns of B to find m linearly
independent columns. Let B be the m X m matrix given by these columns;

* Compute d = det(B’), using the Gram-Schmidt algorithm or any other polynomial
time procedure. Let Hy = d - I be the diagonal matrix with d on the diagonal.

e Fori =1,...,nlet H; the result of applying AddColumn to input H;_; and b;.

* Output H,,.

The correctness of the algorithm is based on the invariant that for all i, H; is the HNF
of the lattice I([d - I|by, ..., b;]). The invariant is clearly satisfied for i = 0. Moreover,
it is preserved at every iteration by definition of AddColumn. So, upon termination,
the algorithm outputs the HNF of J([d - I|B]). Finally, since d - Z™ < J3(B") € J(B),
we have 3([d - I|B]) = J(B) and the algorithm outputs the HNF of B.

Notice that during the entire process, all the entries of H; stay bounded by d. In
particular, all the numbers are polynomial in the original input B. So, if AddColumn
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is polynomial time, then the entire HNF algorithm is polynomial time. It remains to
give an algorithm for the AddColumn procedure. On input a square non-singular
HNF matrix H € Z™" and a vector b € Z™, add column proceeds as follows. If m = 0,
then there is nothing to do, and we can immediately terminate witutput H. Otherwise,

let
.
Ho|? 0
h H'

*-|o]
b’
and proceed as follows:
* Compute g = ged(a, b) and integers x, y such that xa + yb = g using the extended
gcd algorithm;
* Apply the unimodular transformation

| x —b/y
U{y a/g}

to the first column of H and b to obtain
a b g O
U =
h b 1 h 1] b n

* Add an appropriate vector from J(H") to b"” so to reduce its entries modulo the
diagonal elements of H.'
* Recursively invoke AddColumn on input H' and b" to obtain a matrix H"
* Add an appropriate vector from J(H") to h’ so to reduce its entries modulo the
diagonal elements of H".

g 0

h H"

* Output

General case. We would like to reduce the general case to the full-dimensional case.
We begin by using a projection operation II to select B’, a submatrix of B consisting
only of linearly independent rows of B. Then we use the algorithm for the full-
dimensional case. Finally, we use the inverse of the projection operation to get our
final result.

* Run the Gram-Schmidt orthogonalization process on the rows r4,..., 7, of B, and let
K ={ky,....k;} (ky <...<k;) be the set of indices such that 7, # 0. Define the
projection operation ITx: R™ - R! by [Mx(x)]; = xy;- Notice that the rows . (k € K) are
linearly independent and any other row can be expressed as a linear combination of
the previous rows 7;(j € K:j < i). Therefore Il is one-to-one when restricted to J(B),
and its inverse can be easily computed using the Gram-Schmidt coefficients y; ;.

* Define a new matrix B’ = [1x(B), which is full-rank, and run the algorithm given in
the previous section to find the HNFB" of B'.

and
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* Apply the inverse projection function, Mg?, to the HNFdetermined in the previous
step B", to give matrix H. It is easy to see that J(H)J(B) and H is in HNF. Therefore H
is the HNF of B.

Example 4.
2 3 6 2 3 0 2 1 0 01 0 10 0

21 3|=2 1 9|2 -1 9|4 -1 9|—>|-1 4 9
11 3 11 0 1 0 O 1 0 O 01 0

Python code

from tkinter import *

import tkinter as tk

from smithnormalform import matrix, snfproblem, z
from sympy import Matrix

import numpy as np

from hsnf import column_style_hermite_normal_form,
row_style_hermite_normal_form, smith_normal_form

def dodajPoljaZaElementeMatrice():
global 1
global m
global n
but_1["state"] = DISABLED
ent_m|["state"] = DISABLED
ent_n["state"] = DISABLED
m=int(ent_m.get())
n=int(ent_n.get())

1=[]

for i in range(m):
for j in range(n):
Lappend(None)
br=-1
for i in range(m):
for j in range(n):
br=br+1
entry_text = tk.StringVar()
I[br] = Entry(prozor,width=>5,textvariable=entry_text)
1[br].place(x=50+j*50, y=200+i*50)
entry_text.set(str(br+1))
but_2 = Button(prozor, text = "Smith Normal Form",width=40,
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command = Smith_Normal_Form)
but_2.place(x=0, y=250+m*50)

but_3 = Button(prozor, text = "Jordan Normal Form",width=40,
command = Jordan_Normal_Form)
but_3.place(x=0, y=300+m*50)

but_4 = Button(prozor, text = "Hermite Normal Form",width=40,
command = Hermite_Normal_Form)
but_4.place(x=0, y=350+m*50)

def Hermite_Normal_Form():
global 1
global m
global n
x=[]
forelinl:
x.append el.get())
a=np.array(x,dtype='int32')
M=a.reshape(m, n)

t4 = Text(prozor,width=30)

t4.insert(END, "Matrica M:\n")
td.insert(END, M)

# Row-style hermite normal form

H, L = row_style_hermite_normal_form(M)
H = array/([

[ 1T 0 420 -2522]

[ 0 3 1809-10860]

[ 0 0 2079-12474]])

assert np.allclose(L @ M, H)

assert np.around(np.abs(np.linalg.det(L))) ==1 # unimodular

t4.insert(END, "\nMatrica H:\n")
t4.insert(END, H)
t4.insert(END, "\nMatrica L:\n")
t4.insert(END, L)

# Column-style hermite normal form

H, R = column_style_hermite_normal_form(M)

H = array([
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[ 3 0 0 0]

[ 01 0 0]

[1185 4742079 0]])

assert np.allclose(np.dot(M, R), H)

assert np.around(np.abs(np.linalg.det(R))) ==1 # unimodular

t4.insert(END, "\ nMatrica H:\n")
t4. 1nsert(END H)
td.insert(END, "\nMatrica R:\n")
t4.insert(END, R)

t4.place(x=0, y=450+m*50)
def Jordan_Normal_Form():

global 1

global m

global n

x=[]

forelinl:

x.append el.get())

a=np.array(x)

a=a.reshape(m, n)

A = Matrix(a)

P, ] = A jordan_formy()

print("Matrica M:")

print(A)

print("Matrica J:")

print(])

print("Matrica P:")

print(P)

t2 = Text(prozor,width=100)

t2.insert(END, "Matrica A:\n")

for i in range(m):
t2.insert(END, Ali:][:])
t2.insert(END, "\n")

t2.insert(END, "Matrica J:\n")

for i in range(m):
t2.insert(END, J[i,:][:])
t2.insert(END, "\n")

t2.insert(END, "\nMatrica P:\n")

for i in range(m):
t2.insert(END, P[i,:][:])
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t2.insert(END, "\n")
t2.place(x=0, y=450+m™*50)

def Smith_Normal_Form():
global 1
global m
global n
x=[]
forelinl:
x.append(z.Z(int(el.get())))
original_matrix = matrix.Matrix(m, n, x)
prob = snfproblem.SNFProblem(original_matrix)
prob.computeSNE()
print(prob.isValid())
print(prob.A)

print(type(prob.A))

print(prob.])

print(prob.S * prob.A * prob.T == prob.])
t1 = Text(prozor,width=30)
tl.insert(END, "Matrica A:\n")
tl.insert(END prob.A)

tl.insert(END, "Matrica J:\n")
tl.insert(END prob.])

tl.place(x=0, y=450+m*50)
prozor = Tk()

prozor.geometry("1000x1000")
prozor.configure(bg="lightgreen")

common_img = Photolmage(width =1, height = 1)
1=(]

#unos vrednsoti za broj vrsta m

lab_m = Label(prozor, text = "broj vrsta m=")
lab_m.place(x=0,y=0)

m=IntVar(prozor)
ent_m = Entry(prozor,textvariable=m)
ent_m.place(x=100,y=0)
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#unos vrednsoti za broj kolona n
lab_n = Label(prozor, text = "broj kolona n=")
lab_n.place(x=0,y=50)

n=IntVar(prozor)
ent_n = Entry(prozor,textvariable=n)
ent_n.place(x=100,y=50)

but_1 = Button(prozor, text = "Dodaj Polja Za Elemente Matrice",
command = dodajPoljaZaElementeMatrice)
but_1.place(x=0,y=150)

prozor.mainloop()
print('kraj')
Conclusion

For each of these four normal forms, algorithms are written in the Python
programming language. The row of the matrix is limited to power 3.

It follows from Hermitc that any m X n rank n integer matrix d can be transformed by
applying a sequence of integer row operations to an upper triangular matrix H that
has off-diagonal entries nonnegative and with magnitude smaller than the positive
diagonal entry in the same column. The triangularization H - called the Hermite
normal form of A - always exists and is unique. In this paper we consider the problem
of computing the Hermite, Jordan, Smith and rational normal form of an n x n non-
singular matrix T that is already upper triangular and has offdiagonal entries bounded
in magnitude by the product D of the diagonal entries.
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